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Abstract—Controlling the phase and frequency of a gyrotron
backward-wave oscillator (gyro-BWO) by means of injection-
locking techniques is of practical importance. Using a nonlinear
self-consistent time-independent code, this paper analyzes the sta-
bility of a gyro-BWO with an external injection signal. To examine
the stability of steady-state solutions, the perturbation of the phase
difference between the oscillator and injected signal must decay
in time. A nonlinear time-independent code is employed to study
the properties of the injection-locking gyro-BWO, including the
locking power, the phase difference between the oscillator and
injected signal, and the locking bandwidth curve. The simulation
results show that the dependence of the phase difference of sta-
ble solutions on the frequency is consistent with the theoretical
prediction at the injection-locking regime. Furthermore, the sim-
ulated phase differences of all stable solutions correspond with
restrictions between −90◦ and 90◦. Comparing with the curve of
the locking bandwidth obtained by Adler’s equation, the simu-
lated result is slightly asymmetrical due to the field concentration
near beam entrance. Finally, an efficiency enhancement on the
injection-locked gyro-BWO is found and will be discussed.
Index Terms—Gyrotron backward-wave oscillator (gyro-
BWO), injection-locking technique.
I. INTRODUCTION
THE HIGH-POWER capability of gyrotrons makes themattractive sources in the millimeter wave range. A gy-
rotron backward-wave oscillator (gyro-BWO) is a promising
source of coherent millimeter wave radiation based on the
electron cyclotron maser instability on a backward waveguide
mode. The most appealing characteristic of the gyro-BWO is
that its frequency can be tuned by adjusting the magnetic field
or beam voltage or both. Theoretical studies of the gyro-BWO
first appeared in the mid-1960s in Soviet literature [1]. Linear
theory was developed to analyze the start-oscillation conditions
of the gyro-BWO [2]–[4]. However, the efficiency of the gyro-
BWO is relatively lower than that of other gyrotron devices
for a uniform waveguide structure [5]. Tapering the magnetic
field or interaction structure or both has been found to signif-
icantly improve the efficiency or bandwidth of the gyro-BWO
[6]–[10]. On the other hand, there are issues of physical interest
as well as practical importance, such as spectral purity, phase
and frequency controllability, and stability of tuning. Control-
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ling the phase and frequency in oscillators by means of locking
has been employed and analyzed in [11]–[18].
An injection-locking technique has been employed for con-
trolling the spectral purity and phase of the output signal
in a gyro-BWO [13]. Recently, a Ka-band injection-locking
gyro-BWO achieved an output power of 154 kW [14]. These
promising experimental results have been investigated with a
time-dependent self-consistent code [15]. However, few studies
have been done on the stability of a gyro-BWO with an external
injection signal, as described in [16] and [17].
This paper employed a nonlinear self-consistent time-
independent code to analyze a gyro-BWO with an external
injection signal. The phase difference between the oscillator
and injected signal must decay in time, enabling us to determine
the stability of steady-state solutions using the code [16]–[18].
The rest of this paper is organized as follows. Section II presents
the numerical method and the simulation model. Section III
presents the results obtained for the gyro-BWO, including
variation between the efficiency and injected power, stability
of steady-state solutions, locking bandwidth curve, and perfor-
mance of the injection-locking gyro-BWO. Furthermore, the
simulation results for the gyro-BWO on the injection-locking
operation are compared with those for a gyro-BWO on a free-
running operation. Section IV draws summary.
II. NUMERICAL METHOD AND SIMULATION MODEL
A nonlinear self-consistent time-independent code, based
on a slow-time scale formulation, was developed to evaluate
the performance of stable gyrotron traveling-wave tube (gyro-
TWT) amplifiers [19]–[21] and gyro-BWOs [22]–[26]. This
single-mode nonlinear code is based on the commonly used
technique of steady-state particle tracking in a weakly nonuni-
form interaction structure. The code works for both gyro-TWTs
and gyro-BWOs by setting different boundary conditions
[19]–[26]. Experimental verifications demonstrated the correct-
ness and validness of the nonlinear code [19], [20], [24]. The
code is developed for analyzing a gyro-BWO with an external
injection signal. Only one TEmn mode is present and the struc-
tural nonuniformity is sufficiently weak that mode conversion
is negligible in the code.
The field equation driven by a current source can be ex-
pressed as [20]
(
d2
dz2
+ k2z
)
f(z)= i
8|Ib|
x2mnKmnω
N∑
j=1
Wj
vj(z)·E∗(rj , θj , tj , z)
vzj(z)f ∗(z)
(1)
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Fig. 1. (a) Profile of the interaction structure rw(z). (b) Magnetic field
Bz(z). (c) Normalized field profile |f(z)| versus z in a TE11 gyro-BWO. The
oscillation frequency ω0 on free-running operation is 32.8525 GHz in the gyro-
BWO. Parameters are Vb = 100 kV, B0 = 13.8 kG, Ib = 5 A, α = 1.1, and
rc = 0.09 cm.
where f(z) is the field profile function along the axis, Ib is the
beam current, xmn is the nth root of the derivative of Bessel
function J ′m(x), E∗ is the complex conjugate of E, Wj is
a normalized weighting factor for the jth electron, vj is the
velocity for the jth electron, vzj is the axial velocity for the jth
electron, and the transverse coordinates rj and θj and the time
coordinate tj are functions of z for the jth electron. The terms
kz and Kmn are given in
k2z =
1
c2
{
ω2−ω2cmn
[
1−(1+i) δ
rw
(
1+
m2
x2mn −m2
ω2
ω2cmn
)]}
(2)
and
Kmn = J2mn(xmn)
(
1 − m
2
x2mn
)
(3)
where ωcmn = xmnc/rw is the cutoff frequency and δ is the
skin depth. For a gyro-BWO with an external injection signal
into upstream port, the boundary condition at the left end
(z = z1 in Fig. 1) is
f(z1) = f+eikzz1 + f−e−ikzz1 (4)
and
f ′(z1) = ikz
(
f+e
ikzz1 − f−e−ikzz1
) (5)
where f+ is given by the amplitude and the phase of the
forward wave, f− represents the amplitude and the phase of
the backward wave, and kz is the propagation constant in the
input/output waveguide. A pure forward wave in the gyro-BWO
is present at the right end (z = z2 in Fig. 1), so the boundary
condition at the end is
f ′(z2) = ikzf(z2). (6)
A Ka-band injection-locking TE11 gyro-BWO injected
through an upstream port was conducted at National Tsing Hua
University (NTHU) [14]. Beam parameters are beam voltage
Vb = 100 kV, beam current Ib = 5 A, perpendicular-to-parallel
velocity ratio α = 1.1, and guiding center radius rc = 0.09 cm.
In this paper, the gyro-BWO circuit is shown in Fig. 1(a). The
circuit consists of a uniform interaction section connected at
both ends by a weak taper to a short uniform section with a
slightly larger radius. The end tapers in the model Fig. 1(a)
are the couplers of the experiment designed for broadband
coupling [14]. The gyro-BWO has a tapered applied magnetic
field to increases efficiency and enhances stability [Fig. 1(b)].
Fig. 1(c) plots the field profile of the free-running gyro-BWO
at an oscillation frequency ω0 of 32.8525 GHz. The efficiency
of the gyro-BWO is about 28% at a magnetic field of 13.8 kG.
III. RESULTS AND DISCUSSION
A. Stability of Solutions
The injection locking technique is commonly used in phase
and amplitude control over a free-running oscillator. The tech-
nique involves injecting an external signal with a frequency ω
into an oscillator with an oscillation frequency ω0. The oscilla-
tion frequency is determined by the frequency of the external
signal when the free-running oscillator is locked. A steady-
state solution is found for the phase difference φ between the
oscillator and injected signal, such that dφ/dt = 0 [11], [12],
[18], [22]. In [12] and [18], the phase difference between the
oscillator and injected signal gives
φ = sin−1
(
ω − ω0
∆ωm
)
(7)
where ∆ωm = (ωmax − ωmin)/2 = (ω0/2Q)
√
Pin/Pout,
ωmax − ωmin is often referred to as the locking range, Q
is the quality factor, Pin = kzωχ2mnKmn|f+(z1)|2/8 and
Pout = kzωχ2mnKmn|f−(z1)|2/8 are the injected and output
powers, respectively.
To determine the stabilities of the solutions, the amplitude
and phase stability are examined. A previous study demon-
strated that the amplitude perturbation has no effect on the
stability [17], while the phase-difference perturbation δφ is
given by [18]
dδφ
dt
= −δφ∆ωm cosφ. (8)
For a stable solution, the phase-difference perturbation decays
in time provided cosφ > 0, which restricts the phase difference
to the range
−π
2
≤ φ ≤ π
2
. (9)
The nonlinear code, described in the previous section, is
employed for analyzing the characteristics of the gyro-BWO
with an external injection signal. Fig. 2(a) and (b) shows
the efficiency and the phase difference of the gyro-BWO as
functions of the injecting power at a magnetic field B0 of
13.8 kG. The frequency of the injected signal ω and that of
the free running signal ω0 are 32.84987 and 32.8525 GHz
[(ω − ω0)/ω0 = −8 × 10−5]. Simulation results show that the
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Fig. 2. (a) Efficiency η and (b) phase difference φ of a TE11 gyro-BWO
versus injected power Pin at injection of an external signal into upstream. Para-
meters are ω = 32.84987 GHz[(ω − ω0)/ω0 = −8× 10−5], Vb = 100 kV,
B0 = 13.8 kG, Ib = 5 A, α = 1.1, and rc = 0.09 cm. The stable solutions
(solid line), the unstable solutions (dashed line), and the theoretical solutions in
(7) (dots) are shown.
maximum efficiency on the injection-locking operation is
slightly greater than that on the free-running operation. Three
possible solutions are obtained using the nonlinear steady-state
code in the injected power range from 0.05 to 2.9 kW. With
an input of 1.5 kW (Pin = 1.5 kW), the nonlinear code finds
three solutions (points a, b, and c) as indicated in Fig. 2.
Fig. 3(a)–(c) shows the normalized field profiles of these three
solutions (points a, b, and c in Fig. 2), respectively. The
field profiles are normalized to their perspective maximum
fields. Comparing the field profiles of Fig. 3 with that of
the gyro-BWO on a free-running operation [Fig. 1(c)], field
ripples at upstream are due to the interference of the injected
power (Fig. 3).
The phase differences of steady-state solutions between the
oscillator and injected signal vary according to (7) at the
injection-locking regime [12], [18]. Furthermore, the stable
phase difference is also restricted in the range of (9). Fig. 2(b)
shows the phase difference of the gyro-BWO as functions of
the injected power where operating parameters are the same as
those in Fig. 2(a). The simulation results show that the stable
Fig. 3. Normalized field profile |f(z)| of three solutions (points a, b, and c in
Fig. 2). The parameters are the same as Fig. 2.
Fig. 4. Phase difference φ versus relative injected frequency ratio at different
solutions (points a, b, and c in Fig. 2). Other parameters are the same as Fig. 2.
The simulated solutions using the nonlinear code (solid line) and the theoretical
solutions in (7) (dots) are shown.
solution phase difference [solid line in Fig. 2(b)] increased from
−90◦ to −4◦ as injected power increased from 0.05 to 7.5 kW.
In Pin = 1.5 kW, the phase difference of point a is −15.5◦,
corresponding with the restriction of (9). Furthermore, the
theoretical results of the phase differences in (7) are depicted as
dots in Fig. 2(b), where the quality factor Q is assumed to 135.
The value of Q is chosen to fit the phase differences [solid lines
in Figs. 2(b) and 4(a)] and the locking bandwidth curve (solid
line in Fig. 5) of the stable solution using the nonlinear code.
The simulation results [solid line in Fig. 2(b)] are consistent
with the theoretical results obtained by (7) [dots in Fig. 2(b)].
Furthermore, the simulation results in Fig. 2(b) also reveal that
the unstable solution phase differences [dashed line in Fig. 2(b)]
decreased as injected power increased. In Pin = 1.5 kW, the
phase differences of the unstable solutions (points b and c)
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Fig. 5. Locking bandwidth curve in the gyro-BWO operating in the presence
of an external injected signal at a magnetic field B0 of 13.8 kG. Other
parameters are the same as Fig. 2. The simulated solutions (solid line) and the
theoretical solutions in (10) (dots) are shown.
are −186◦ and −180◦, respectively. The simulation results
show that the unstable solutions do not correspond with the
restrictions between −90◦ and 90◦ [(9)]. In contrast, the stable
solutions [solid line in Fig. 2(b)] correspond to the restrictions
of (7) and (9).
Fig. 4 shows the phase difference of the gyro-BWO as
functions of the relative injected frequency ratio at different
solutions. In Fig. 4(a), the phase difference of the steady-
state solution (point a in Fig. 2) corresponds with the restric-
tion of (9). Furthermore, the simulation results [solid line in
Fig. 4(a)] are consistent with the theoretical results in (7) [dots
in Fig. 4(a)] where the quality factor Q is assumed to be 135.
By contrast, the solutions (points b and c in Fig. 2) do not
correspond with the restriction of (9) in Fig. 4(b) and (c).
Therefore, the solutions, depicted by dashed line in Fig. 2, are
unstable solutions at the injection-locking regime.
B. Asymmetric Locking Bandwidth Curve
Fig. 5 shows the simulation results for the locking bandwidth
curve operating in the presence of an external injected signal
at a magnetic field of 13.8 kG. The simulation results reveal
that the locking bandwidth curve is about 28 MHz at a relative
power ratio Pin/Pout of −20 dB. Meanwhile, Adler’s equation
is given by [11], [15]
2Q(ω − ω0)
√
Pout/Pin/ω0 < 1. (10)
The results in (10) are represented as dots in Fig. 5, where
Q is assumed to be 135. The results indicate that the locking
bandwidth curve of injection signals using the nonlinear code
(solid line in Fig. 5) is slightly asymmetrical in the frequency
below the oscillation frequency, comparing with the results in
(10) (dots in Fig. 5). The simulation results are consistent with
those obtained by previous work [15]. The slight asymmetry in
the locking bandwidth curve may be attributed to the deformed
field profile in the injection-locking gyro-BWO. Fig. 6 shows
that the field profiles at different frequencies of external signals
Fig. 6. Normalized field profiles |f(z)| at a frequency of 32.8262 GHz
[(ω − ω0)/ω0 = −8× 10−4] in Pin = 4 kW (solid line) and a frequency
of 32.8788 GHz [(ω − ω0)/ω0 = 8× 10−4] in Pin = 5.1 kW (dashed line)
on the injection-locking operation.
Fig. 7. Efficiency η and frequency at the free-running regime (dashed line)
and injection-locking regime (solid line) versus magnetic fieldB0, respectively.
In the free-running regime, the parameters are the same as in Fig. 1. In the
injection-locking regime, Pin = 7 kW and other parameters are the same as
in Fig. 2.
operating the injection-locking regime. The simulation results
show that the field profile at a frequency of 32.8262 GHz [(ω −
ω0)/ω0 = −8 × 10−4] (solid line in Fig. 6) concentrates toward
the upstream end of the gyro-BWO, comparing with the field
profile at a frequency of 32.8788 GHz [(ω − ω0)/ω0 = 8 ×
10−4] (dashed line in Fig. 6). The field concentration near the
beam entrance significantly enhances beam-wave interaction at
a frequency of 32.8262 GHz [15], resulting in a reduction in
injected power on the injection-locking operation.
C. Performance of the Gyro-BWO
Fig. 7 shows the efficiency and frequency as functions of
the magnetic field at the free-running and injection-locking
regimes. The simulation results show that the efficiency (dashed
line in Fig. 7) increases to 30% at a magnetic field of 13.9 kG
and then declines as the magnetic field increases at the free-
running regime. Meanwhile, efficiencies (solid line in Fig. 7)
increase to 34% at a magnetic field of 13.78 kG and then decline
as the magnetic field increases at the injection-locking regime,
where the injected power is 7 kW. Compared with the free-
running operation, the maximum output power on the injection-
locking operation is enhanced to 170 kW in the gyro-BWO.
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Fig. 8. Normalized field profiles at different magnetic fields on (a) free-
running and (b) injection-locking operations. In (a), the parameters are the same
as in Fig. 1. In (b), Pin = 7 kW and other parameters are the same as in Fig. 2.
The magnetic field with peak efficiency at the injection-locking
regime is reduced slightly to 13.78 kG compared with that at
the free-running regime (Fig. 7). Fig. 8(a) and (b) shows the
field profiles at different magnetic fields on the free-running
and injection-locking operations, respectively. The position
differences of the peak RF fields between the free-running
and injection-locking operations are about −1.37 cm (at B0 =
13.78 kG), −1.27 cm (at B0 = 13.9 kG), and −1.03 cm (at
B0 = 14.2 kG). The simulation results show that the field
profile at a magnetic field of 13.78 kG on the injection-locking
operation [solid line in Fig. 8(b)] significantly concentrates at
the upstream end of the gyro-BWO, as compared with the field
profile on the free-running operation [solid line in Fig. 8(a)]. By
contrast, the field is not significantly concentrated at magnetic
fields of 13.9 and 14.2 kG (dashed line and dots in Fig. 8). The
field concentration near the beam entrance enhances efficiency
on the injection-locking operation [15]; thus, efficiency at
13.78 kG is significantly enhanced to 34% at the injection-
locking regime, whereas efficiency at 13.78 kG is 28% at the
free-running regime.
The oscillation frequency (dashed line in Fig. 7) of the free-
running gyro-BWO increases as the magnetic field increases.
Furthermore, the simulation results also indicate that the fre-
quency (solid line in Fig. 7) increases with the magnetic field
in the injection-locking gyro-BWO. Moreover, the phase differ-
ences of the stable solutions (solid line in Fig. 7) for different
magnetic fields are between 40◦ and −87◦ at the injection-
locking regime. The simulation results are coincident with those
obtained by (9), in which the phase difference of the stable
solution is restricted in the range between −90◦ and 90◦.
IV. SUMMARY
In this paper, the nonlinear self-consistent time-independent
code is employed to analyze the characteristics of the gyro-
BWO with an external injection signal. Three possible solutions
may occur in some power range of the injected signal in the
gyro-BWO. This paper presents that the perturbation of a stable
solution must decay in time to determine the stability of a
steady-state solution. The simulation results show that only
one solution corresponds with the restriction, which the phase-
difference perturbation will decay in time. The phase difference
of the stable solution is restricted in the range between −90◦
and 90◦ [(9)]. Furthermore, the simulation results are consistent
with the theoretical results in (7).
The simulated locking bandwidth curve is slightly asym-
metrical at frequencies below the oscillation frequency, as
compared with theoretical results obtained using Adler’s equa-
tion. The reason may be that the field concentrates toward
the upstream end at frequencies below the oscillation fre-
quency, resulting in enhancement of the beam-wave interaction
and reduction of the injected power on the injection-locking
operation. The simulation results also show that the locking
bandwidth curve is about 28 MHz at a relative power ratio of
−20 dB. Finally, the simulation result of the peak efficiency
on the injection-locking operation increases to 34% at the
magnetic field of 13.78 kG whereas the efficiency on the free-
running operation is 30% at a magnetic field of 13.9 kG.
Compared with the gyrotron on free-running operation, the
reduction in a magnetic field with peak efficiency on injection-
locking operation may be due to the field concentration at the
upstream end.
The injection-locking technique is often used to lower the
start-oscillation currents. The simulation results using the non-
linear code show that the start-oscillation current decreased
from 2.4 to 0.001 A as the injected power increased from 0.1 to
3 kW. Moreover, the present results clarify some characteristics
of a gyro-BWO with an external injected signal. However,
a transition between an injection-locking region and an am-
plifier region in a gyro-BWO should be examined for an in-
depth study.
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